BEHAVIORS OF THE TATE-SHAFAREVICH GROUP OF ELLIPTIC
CURVES UNDER QUADRATIC FIELD EXTENSIONS

by
Asuka Shiga

Abstract. —

Let E/Q be an elliptic curve. We study the behavior of the Tate-Shafarevich group of F
under quadratic extensions Q(\/B) /Q. By analyzing the cokernel of the restriction map, without
#U(E/Q(VD)[4] .0 g

#I(Ep /Q)[2]
#UI(Ep/Q)[2] can, under some conditions on E/Q, grow arbitrarily large simultaneously, where

Ep denotes the quadratic twist of E by D. For elliptic curves of the form E : y? = 22 + pzx with
p = 1 mod 4 being an odd prime, assuming the finiteness of the relevant Tate—Shafarevich groups,
we prove that #I11(E/Q(v/D))[2] < 4 and III(Ep/Q)[2] = 0 for infinitely many square-free integers
D with —D being a prime number. Additionally, III(E/Q(v/—D))[2] # 0 for all D when p = 257.

assuming the finiteness of the Tate—Shafarevich group, we prove that the ratio
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1. Introduction

Let K be a number field and Mg be the set of places of K. Let E be an elliptic curve over
K. The Tate-Shafarevich group of E/K is defined as follows:

II(E/K) d:efKer(Hl(GK,E) D, s @UGMKHl(GKU,E)>
W W
[f] — ([ I, ] )e

where K, is the completion of K at the place v, and G, Gk, are the absolute Galois groups of
K, K, respectively and res, : H'(Gk, E) — H'(Gg,, E) is the restriction map of Galois coho-
mology. The Tate-Shafarevich group lives in the global Galois cohomology H'(G, E), which
is isomorphic to the collection of equivalence classes of torsors, often denoted by WC(E/K),
which is called the Weil-Chatelet group. Note that @, res, is well-defined. Indeed, if a torsor
C/K has good reduction at v, then its image in H!(Gk,, F) vanishes since a genus 1 curve over
a finite field always has a rational point.

Key words and phrases. — Elliptic curve, Tate—Shafarevich group, local global principle.
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The Tate—Shafarevich group is a group that serves as an obstruction to the local-global

principle for curves of genus 1. It is conjectured to be finite (Tate-Shafarevich conjecture). By

contrast, the n-torsion subgroup of II(E/K), that is, HI(E/K)[n] def {a e II(E/K) | na =

0} = Ker (Hl(GK, E)n] = @yenr,. H (G, E)[n}) is known to be finite.
Let K (\/T)) /K be a quadratic extension. In this paper, we investigate the following question.

Question. — What are the behaviors of #II1(E/K (v/D))[2] as a function of D? And how do
they relate to the behaviors of #1I(Ep/K)[2]? Here, Ep/K is the quadratic twist of E/K by
D.

In other words, this question examines the increase or decrease of counterexamples to the
local-global principle under field extensions. When a torsor [C/K] € HI(E/K) acquires an
K (v/D)-rational point through the field extension K (v/D)/K, the image of [C/K] in III(E/K (v/D))
becomes 0. However, the number of counterexamples to the local-global principle may increase
over K (v/D), making the behavior of #II1(E/K (v D)) relative to #I11(E/K) intricate.

First, we review the literature concerning the increasing direction. Rohrlich proved that
II(Ep/Q)[2] can become arbitrarily large as D varies [8]. Clark and Sharif proved that
III(E/L)[n] can be made arbitrarily large by choosing an appropriate degree-n extension L/K,
where n > 2 is a fixed integer (Theorem 3 of [4]). We prove that we can take D such that
4T1(E/Q(/D))[4

#11(Ep/Q)[2]
Theorem 1.1 (Theorem . — For an arbitrary r € Z and an elliptic curve over QQ with
E(Q)[2] = Z/2Z that does not have a cyclic 4-isogeny defined over Q(E[2]), there exists a
square-free int\e/gﬁr D such that

#II(E/Q(v'D))[4]

ZI0(Ep/Q)2 > rand #1UI(Ep/Q)[2] > r.

The method of the proof is to investigate the 2-torsion subgroup of Yu’s formula [25]. See
Remark By the proof of Theorem 4.10 in [16], we can make III(E/Q(+/D))[2] large while
ATT1(E/Q(/D))4]

#I1(Ep/Q)[2]

— 00 and #III(Ep/Q)[2] — .

making Sel?(Ep/Q) smaller than a constant. We prove that we can make

large while making Sel?(Ep/Q)[2] large but keeping rank(Ep/Q) to be 0.
The following Theorem plays an important role both in the proof of Theorem and
in our investigation of the 2-torsion subgroup version of Yu’s formula.

Theorem 1.2 (Theorem [3.3). — Let E/K be an elliptic curve over K and n be a positive
integer. Then,

X = coker(ﬂl(GK,E)[n] D Hl(GKU,E)[n])
W W
[£] — ([ e, o

is a finite group and #X < #Sel”(E/K). When n is a prime number, #X = #Sel"(E/K)
holds.

In Cassels’ "Arithmetic of curves of genus 1" parts I-VIII, the X in the theorem mentioned
above was represented and studied using the Cyrillic letter K (see Appendix 2 of [3]). In
Appendix 2 of [3], it is stated that there exists a duality between A and Sel”(E/K) when n is a
prime number. With an eye towards potential generalizations for arbitrary n, we have provided
a detailed proof of this result using arguments that build upon the proof of the Cassels—Poitou—
Tate duality (1.5. of Chapter 1 [5]) and Theorem

Regarding the possibility of decreasing HI(Ep/Q)[2], we consider the elliptic curves of the
form E: y? = x3+pz where p is a prime number. Klagsbrun’s work [Theorem 1.1, [10]] or Smith’s
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recent work on the distribution of Sel?(Ep/Q)[Theorem 1.5, [22]] imply there exist infinitely
many square-free integers D such that Sel?(Ep/Q) = Z/2Z. Let —D be a prime number that
satisfies appropriate congruence conditions modulo 4 and p. We prove that III(Ep/Q)[2] = 0,
under the assumption that the Tate—Shafarevich group is finite. See Proposition [5| For elliptic
curves of the form y? = 2% + pz with p = 1 mod 4 is a prime number, we also prove that there
exists a D with —D being a prime such that #I11(E/Q(v/D))[2] < 4 and III(Ep/Q)[2] = 0 under
the assumption that the Tate-Shafarevich group is finite. We also prove that III(E/Q(v/—D))[2]
cannot be made trivial for any D when p = 257. See example [5.6

Proposition 1.3 (Proposition . — Let p = 1 mod 4 be a prime number, and let E :
y? = 23 4 px be an elliptic curve.

1. There exist infinitely many imaginary quadratic fields K = Q(v/D) with —D being a prime
number such that #I1I(E/K)[2] < 4 and II(Ep/Q)[2] = 0 under the assumption that
#UI(E/K) and #11I(Ep/Q) are finite.

2. If III(E/Q) contains an element of order 4, then for any quadratic number field K =
Q(vVD), HI(E/K)[2] # 0.

At the end of the introduction, we describe the structure of this paper. In Chapter 3,
we determine the cokernel X (Theorem . We also calculate the local cohomology and
global cohomology associated with quadratic extensions. In Chapter 4, we prove the main
theorem by examining the 2-part of Yu’s formula using X. The mechanism of growth is in
the part that increases (local cohomology)/(global cohomology) (called g(D) in Proposition
3.8). By evaluating the image of the corestriction map from below , we derive that the
£111(E/Q(vD))[4

#U1(Ep/Q)[2]
elliptic curves of the form y? = 23 + px (where p is a prime), we investigate through 2-descent
calculations how quadratic extensions and twists by primes can reduce the size of the 2-part of
the Tate-Shafarevich group.

ratio

increases in conjunction with the growth of g(D). In Chapter 5, for
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2. Notation

Let us fix the notation as follows:

e K: a number field, O : ring of integers of K.

e My the set of all places of K.

e K,: the completion of K at place v € M.

o Gp: the absolute Galois group of a field L, that is, Gal(L/L).

o For an Abelian group A and an integer n > 2, we define A[n|(n-torsion subgroup of A) to
be {a € A | na =0} and nA to be {na | a € A}.

o For an Abelian group A and a prime number p, we define A[p™](p-primary part of A) to
be A[p*>®] = {a € A|Fn > 0,p"a = 0}.

e For a locally compact group A, A* is the Pontryagin dual. For a group homomorphism
f A — B between locally compact group A and B, f*: B* — A* is given by g — g o f.

o For a group homomorphism f: N — M, f(N) is the image of N under f.
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o rank(E/K): the Mordell-Weil rank of elliptic curve E/K, Apg: discriminant of E/K,
E(K)ior: torsion subgroup of E(K).

o Ep/K: the quadratic twist of E/K by a square-free integer D. Namely, if E/K is the
elliptic curve defined by y? = x3 4 ax +b, then the quadratic twist is an elliptic curve given
by the equation Ep : Dy?> = 2% + axz + b. Quadratic twist Ep is isomorphic to E over
K(v/D) but not isomorphic over K. We fix an isomorphism 7 : E(L) & Ep(L), (z,y)
(e, ).

o For an elliptic curve E/K, another elliptic curve E’ and a nonzero isogeny ¢ : E — E’,
the ¢-Selmer group of E//K is defined as follows:

Sel*(B/K) © Ker(H(Gi. E9)) — hueas, H' (G o))

When E = E’ and ¢ = [n] (multiplication-by-n map), we denote its Selmer group by
Sel"(E/K).
There exists an exact sequence
(1) 0— E(K)/nE(K) — Sel"(E/K) — III(E/K)[n] — 0
and II(E/K)[n] is finite since n-Selmer group is finite (see Theorem 4.2 in Chapter X of [21]).

3. Local cohomology and Global cohomology

3.1. Switch local to global. — In this section, we determine the cokernel of the restriction
map H'(Gg, E)[2] = @yenr, H' (Gk,, E)[2] (Theorem M We denote this cokernel as X in
Theorem We prove that X is isomorphic to the dual of 2-Selmer group, which lives in the
global cohomology H!(G, E[2]).

Theorem 3.1 (cf. [15], (8.6.10), Long Exact Sequence of Poitou—Tate)

Let S be a nonempty set of places of a number field K and assume that S contains all
infinite places of K. Let Kg be the maximal unramified extension of K outside S and Gg =
Gal(Kg/K). Let M be a finite G module and M’ = Hom (M, u) where p is the group of roots
of unity in Kg*. The following 9-term exact sequence exists:

0 — H%Gg,M) - ] H(Gk,, M) — H*(Ggs,M')*

vES >

H'(Gs, M') — [[ H'(Gk,. M) - H'(Gs, M)

g veS

H2(Gg, M) - P H*(Gk,, M) — H°(Gs,M')* — 0.
veES

Here, a, 3, and ~ are localization maps and [, is a restricted product with respect to
unramified cohomology H} (G, , M).

Theorem 3.2. — Let S be a set of places of K containing all infinite places. Let Kg be
the maximal unramified extension of K outside S and Gg = Gal(Kg/K). Let M be a finite
G g-module.

Let p be a prime. If pM = 0 and dimp, M < 2 holds, then

Ker (Hl(GS,M) LA HIHl(GKU,M)> = 0.
vES

Proof. — See [ [7], Section 7.2, Corollary of Lemma 2]. O
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Theorem 3.3. — Let E/K be an elliptic curve and n be a positive integer. Then,

X = coker(Hl(GK,E)[n] D @ Hl(GKU,E)[n])
W w
f] o ([ e, o

is a finite group and #X < #Sel”(E/K). When n is a prime number, #X = #Sel"(E/K)
holds.

Proof. — Let S be a finite subset of Mg containing the infinite places of K and the primes of
bad reduction for F/K.

The exactness of the following sequence forms part of the long exact sequence in the Poitou—
Tate duality (Theorem when we set M = Eln].

H'(Gs, Blnl) & @ H' (G, Eln)) == H'(Gs, E[n))*
veS
Here, ¥ := [[,cg ¥v, where 1, is the isomorphism given by the local Tate duality:

Yo HY(Gk,, Eln]) = H' (G, B[n])*
(see [ [15], Theorem 7.2.6]).
Let ¢ be the map that makes the following diagram commutative:

0 — HY(Gg, En)) LN D,cs H (Gk,, E[n]) —— Cokerp — 0

| !

0 — H'Y(Gs,E[n)) 5 @,cs H'(Gxk,, Eln)) % H(Gs, Eln))*.

From the above diagram, ¢ is injective. Let us consider the following diagram.

Kerp — Kerggs
0 —_— Hl(Gs,E[TL]) Hl(G57E[nD
l B8 l¢>s
Boes H Gy, B)n)* L= @,c5 H (G, Eln]) —2— @,c5 H (G, )]
:l h

Dres H'(Gk,, E)[n]* SN Cokerf.

Here, ¢g © NopBand N = @Doecs Ao, where \, : HY(Gg,, E[n]) - H(Gk,, E)[n] is the map

induced by a short exact sequence 0 — E[n] = E =% E — 0 (see [ [21], Section VII.2] ).
Note that

P H G, B)n) VS P H Gk, Eln)) > P H' (G, E))

vES veES veS
is an exact sequence because

Im(¢, 7' o \*) 2 Im(\*) = (Im\,)* = (H' (Gk,, E)[n])* 2 E(K,)/nE(K,) = Ker),

where the isomorphism H!(Gg,, E)[n])* = E(K,)/nE(K,) is given by the restricted Tate local
duality (see | |23], Proposition 1]).
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By the snake lemma, we obtain the following exact sequence
Kerf — Kergg — @ HY(Gk,, E)[n]* EN Cokerfs.
veS

We claim that the following diagram () is commutative.

Ker —— Kergs —— @yeg H(Gk,, E)[n]* —— Cokerf3
S
HY (G, E[n))*

Indeed, this follows from the following diagram:

@vesﬂ (GKU, E)[n]* 7 Cokerfs

EBveSH (GKU’ * H Hl GK7 [ D*

TR

Does HI(GKN Eln]) —h Cokerf.

To prove the desired commutativity, it is sufficient to prove the commutativity of (1) and (2)
of the above diagram because h o ~! o A\* = j. The commutativity of (1) follows directly from
the definition of ¢g, and (2) is exactly the definition of ¢, that is, to h = §* o 9.

From the commutativity of the diagram (), we obtain the following exact sequence:

Kerf — Kergs — @) H' (G, E)[n]* *5 H'(Gx, E[n))".
veES

There is a canonical isomorphism Ker¢g = Sel”(E/K) (see [ |14], Chapter I, Corollary 6.6]).
By taking its Pontryagin dual, we obtain

HY(Gg, E @Hl (Gk,, E)[n] — Sel(E/K)* — (Kerp)*.
veS
By taking the direct limit h_II} scae Ve obtain the following exact sequence:

0 — Sel"(E/K) — H'(Gg, B[ @ HY(Gg,,E)[n] -5 Sel(E/K)*.
veEMg

We can conclude that #X < #Sel"(E/K) from the following commutative diagram.

0 — Sel*(E/K) — H'(Gk, E[n]) > @penr, H (G, E)[n] - Sel™(E/K)*

| |

0 — II(E/K)[n] — H Gk, E)[n] — @yerr, H (Gk,, E)[n] X 0.

Indeed, since X = Coker¢ injects into Sel”(E/K)", it follows that #X < #Sel”(E/K).
When n is a prime number, Kerg = 0 by Theorem Therefore, € is surjective, hence
#X = #Sel"(E/K).
O

3.2. Local vs Global. — The local cohomology of elliptic curves at primes of bad reduction
(especially those with additive reduction) remains mysterious, but we can calculate it at primes
of good reduction. In this section, we prove that we can increase the contributions from local
cohomologies while suppressing the contributions from global cohomology.
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Proposition 3.4. — Let L be a quadratic extension of K. Let v € Mg be a place that is not
above 2 and let w a place of L above v. Let E/K be an elliptic curve. Let k be the residue
field of K, and E/k be the reduction of E/K mod v.

(1) Suppose v is a finite place of K unramified in L, and E/K has good reduction at v. Then
HY(Gal(Ly/K,), E(Ly)) = 0.
(2) HY(Gal(Ly/Ky), E(Ly)) is a finite group.
(3) Suppose v is a finite place of K ramified in L, and F/K has good reduction at v. Then
#H"(Gal(Lw/Ky), E(Lw)) = #E(K)[2].

Proof. — (1) See [ [13], Corollary 4.4].
(2) We have an inflation-restriction exact sequence:

0 — H'(Gal(Ly/K,), E(Ly)) 5% HY(Gk,, E) =5 HY(GL,, E).
From Tate duality, the dual of this sequence is
E(Ly) 3 E(K,) — HY(Gal(Ly/K,), E(Ly))* — 0.

Thus, H'(Gal(L,/K,), E(Ly)) & E(K,)/tr(E(Ly)) holds (see [ [13], Proposition 4.2] for this
isomorphism and [ [23], equation (12)] for the relation res* = tr).

There exists a surjective map from the weak Mordell-Weil group 5 E(( )) to f({z v) E Because

2%((1()) C HY(Gg,, E[2]), it is sufficient to prove H!(Gk,, E[2]) is finite. Let M = K,(E[2]).

Then M/K, is a finite Galois extension. Because H' (G, E[2]) = (M*/M*?)? is finite and
#H'(Gal(M/K,), E(M)[2]) is finite, we see that H'(Gk,, F[2]) is finite because of the exact

sequence 0 — H(Gal(M/K,), E(M)[2]) — inf Hl(GK JE[2)) = HY (G, E[2)).
(3) From (2), it is sufficient to prove #

= #E(k)[2]. There exists an exact sequence:

tr(E(Lw))
El(Kv) E(Kv) reduction E(k)
02 ST | wELY) | 2B®)

where E; denotes the kernel of reduction. Note that reduction is well-defined since L, /K,
is a ramified extension. Let us prove that the group on the left-hand side is trivial. Indeed,
Ei(K,) = E(M), where M is the maximal ideal of O and E(M) is the group associated
with the formal group E, which is a 2-divisible group. For all a € F;(K,), there exists b €
Ey(Ky) such that a = 2b = tr(b). Then we can conclude that #HY(Gal(Ly/Ky), E(Ly))) =

E(K,) Bk =
#tr(E(Lw)) - #2E(k) = #E®)[2:

O]

Remark 3.5. — When L/K is a quadratic extension and there is a choice of w € M|, above
v € M, v splits completely. Since H'(Gal(L,/K,), E(Ly,)) = 0 in this case, the choice of
w is not an issue. More generally, for a Galois extension L/K of degree n, it can be shown
that H'(Gal(L,,/K,), E(Ly)) is independent of the choice of w | v. Similarly to (1) and (2) of
Proposition it can be proven that H'(Gal(L,,/K,), E(L,)) is a finite group that vanishes
for almost all v.

The following theorem of Qiu |19], using computations with the Herbrand quotient, implies
that the global cohomology H!(Gal(L/K), E(L)) remains small, provided that rank(E/L) =
rank(E/K) + rank(Ep/K) does not grow significantly.

Theorem 3.6. — Let E/K be an elliptic curve over K. Let L = K(v/D) be a quadratic
extension of K. Let o be a generator of Gal(L/K). We define tr : E(L) — E(K) by P — P+P°.
Then,

#H'(Gal(L/K), E(L)) = #Coker(tr) x 2rank(Ep/K)—rank(E/K)

holds. In particular, #H'(Gal(L/K), E(L)) < 2r22k(Ep/K) » 4 E(K)[2]
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Proof. — For the former, see | [19], Theorem 1.5]. The latter immediately follows from the fact
that there is a surjection from F(K)/2E(K) to Coker(tr).
g

The following theorem by Rohrlich ensures that we can make rank(Ep/K) small when K = Q.

Theorem 3.7 (cf. J.Hoffstein and W.Luo appendixed by Rohrlich [8])
For any elliptic curve A over QQ, there exist infinitely many square-free integers D € Z such
that rank(Ap/Q) = 0 and the number of prime factors of D is no greater than 4.

Proposition 3.8. — Let K be a number field. Suppose that there exists a quadratic extension
K (V/d) of K such that rank(Ay/K) = 0 for arbitrary elliptic curve A over K and the number of
prime factors of d is no greater than some constant a. Then for an arbitrary integer r» € Z and
arbitrary elliptic curve E/K, there exist infinitely many quadratic extensions L = K (vD)/K
such that

(D) = #@,enre H' (Gal(Ly/Ky), E(Ly))
g 4H(Cal(L/K) B(L))  ~
Proof. — By Theorem it is sufficient to prove there exists infinitely many D such that

#GBUEMK Hl(Gal(Lw/Kv)aE(Lw)) >
2rank(ED/K) =

T.

For an arbitrary r, there exists an integer R such that 4%~ > r. By the Chebotarev density
theorem, for this R, there exist prime elements v;(1 < i < R) of Ok such that

(1) split completely in the Hilbert class field of K (FE[2])
(2) E/K has good reduction at v; and not above 2.

Indeed, the prime ideals of O that split completely in the Hilbert class field of K(FE[2])
(of which there are infinitely many by Chebotarev’s density theorem) are precisely the princi-
pal prime ideals of Ok, and we can take infinitely many prime elements v € O that satisfy
conditions (1) and (2) above. For such a prime element v of Ok, K,(F[2]) = K, since v
splits completely in K(E[2]), thus E(K,)[2] = E(K,)[2] injects into E(k,)[2], and therefore
#FE(k,)[2] = 4 where k, is the residue field of K,. Thus if v is a ramified prime element of
a quadratic extension L = K(v/D) of K, #H"(Gal(L,/K,), E(Ly)) = 4 holds by Proposi-
tion By setting A = Ey 4,05, there exists a quadratic extension K (v/Dpg)/K such that
rank(Ey, py-.vppp/HK) = 0 and the number of prime factors of Dp is no greater than 4. Let us
take D as D = vy - - -vgDgr. Because the number of prime factors of Dp is no greater than a, the
number of ramified prime elements of K under quadratic extension L = K(y/v1v2 ---vgpDRr)/K
which satisfies condition (1), (2) is R — a or more. Thus, taking L = K(\/viva---vrDRg),

# Doenr,. H(Gal(Ly/Ky), E(Ly)) N 4R—a § AR—a y
orank(Ep/K) = Srank(BEp/K) = 90 =

O]

Remark 3.9. — In particular, when K = Q, Theorem implies that for all r € Z and all
elliptic curves E/K, there exist infinitely many square-free integers D such that g(D) > r. If
we can determine that rank(Ep/K) does not grow significantly compared to 4«(AEp)  where
w(Ag,) is the number of prime factors of Ag,,, this result can be generalized to cases where

K #Q.

4. Increasing I11(E/Q(v/D))[2] and 1II(Ep/Q)[2]

4.1. Trace and twist. — In this section, we investigate the relationship between tr(III(E/L)[2])
and #III(Fp/K)[2]. The Galois group naturally acts on III(E/L) by acting on the coefficients
of torsors, and we can explicitly calculate this action cohomologically.
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Definition 4.1 (Gal(L/K) acts on III(E/L)). — Let G be a group and H be a normal finite
index subgroup of G. Let M be a G-module. G/H acts on H'(H,M) by (g * X)(h) =
gX (g 'hg). Here, g is a lift of g € G/H in G, and gX (g~ 'hg) does not depend on the lift
modulo coboundary.

When G = Gg and H = G, and M = E, the Galois group Gal(L/K) = G/H acts on
HI(E/L)[2] € HY(GL, E) as described above.

Definition 4.2 (Corestriction and trace). — In the case [G : H| = 2, let o be a generator
of G/H. There is a map cor : H'(H,M) — H'(G, M) called corestriction which satisfies
cor ores = [2] and tr = res o cor where tr : H'(H,M) — H'(H,M) be a map defined by
X—X+oxX.

Explicitly, cor : H'(H, M) — H'(G, M) can be expressed as follows.

X(g)+(oxX)(g) ifgeH,
X(go)+ (0% X)(go) ifgeG—H|
This is indeed a trace map if we restrict it to H'(H, M). When G = Gx,H = G, M = E,

the map cor : HY(Gp,E) — HY(Gk,E) and tr : HY(Gp,E) — H'(Gp, E) induce maps cor :
I(E/L)[2] - UI(E/K)[2] and tr : III(E/L)[2] — LI(E/L)[2].

Proposition 4.3. — #tr(ILI(E/L)[2]) > #Iﬁc(oégll(léff/(i)[;&))

HY(H,M) — HY(G, M) is given by X lg > {

Proof. — Since tr = res o cor, there exists a map cor(III(E/L)[2]) ~5 tr(III(E/L)[2]). By the
inflation-restriction sequence, Ker(res) is contained in H'(Gal(L/K), E(L)). By applying the
first isomorphism theorem to res, we obtain the inequality. ]

Theorem 4.4. — Let
(,)r - HI(E/K)[2] x T(E/K)[2] — Z/2Z,
() UI(E/L)[2] x ULI(E/L)|2] — Z/2Z
be the Cassels—Tate pairing. Then,
(1) The kernel on each side is III(E/K)[2] N 2II(E/K) = 2II(E/K)[4] and 2III(E/L)[4],

respectively.
(2) (a,cor(d))x = (res(a),d’)r.

Proof. — For (1), see [ [23], Theorem 3.2]. See also [ [24], Theorem 15]. For (2), see [ [25],The-
orem 8§]. O

Corollary 4.5. —

#I1(E/K)[2]
#cor(I(E/L)[2]) > #2111 (E/L)[4#H (Gal(L/K), E(L))"

Proof. — By Theorem (1), the Cassels—Tate pairing induces non-degenerate pairings

CHI(E/K)2] - TI(E/K)[2]

Ok ey < am(em)E L
, I(E/D2 | W(E/LE]
U SmEynya] < smEmE

WK mE/nR /DR mE/K)R)
MT1(B/K)[] | 2M(B/L)[A SM(B/L)A] | 2 (E/K)[]
induced by res : III(E/K)[2] — HI(E/L)[2],cor : II(E/L)[2] — HI(E/K)[2] respectively.

By Theoremd.4](2), (a+2I1(E/K)[4], cor’(a'+211(E/L)[4])) = (a, cor(a')) x = (res(a),a’)y, =
(res’(a + 21II(E/K)[4]),a" + 211I(E/L)[4])} holds.

Let res’ : be the map
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Therefore, the following diagram is commutative, where the vertical map is an isomorphism
induced by ( , )7 . Note that these two vertical arrows are isomorphisms because the induced
pairing is non-degenerate.

HI(E/K)[2]  xy ~ HI(E/L)72]

2I(E/K)[4] 2II(E/L)[4]
( HI(E/K)[2] \, HI(E/L)[2] )
2III(E/K)[4] cor*  “21II(E/L)[4]
From this commutative diagram,
o HIE/D)2) e HIE/K)2] o, TI(E/K)[2]
@ ForGmamp) = Gmemu)) = GmEm)p)

holds. Let us consider the following diagram. For simplicity, we abbreviate res : III(E/K)[2] —
II(E/L)[2] as f, and denote by g the map induced by f on 2III(E/K)[4].

)

0 0
) ) l
Kerg — 2III(E/K)[4] 4 2111(E/L)[4] —— Cokerg
l ) )
Kerf — II(E/K)[2] L5 WI(E/L)[2]
l ) )
I(E/K)[2] v TI(E/L)[2]
2MI(E/K)[4]  2II(E/L)[4]
\! l
0 0

0 —— Ker(res') -

By applying the snake lemma to this diagram, we obtain an exact sequence:
0 — Kerg — Kerf — Ker(res') — Iméd — 0.

Because Kerf ¢ H'(Gal(L/K), E(L)), we obtain

#Ker(res') = w
¥ _ #H'(Gal(L/K), (L)) #Cokerg _ #H'(Gal(L/K), B(L) #211(E/L) 4
: #Kerg £21(B/K)(1 |

Here, the last equality holds because of the exactness of
0 — Kerg — 2I1I(E/K)[4] 2 2111(E/L)[4] — Cokerg — 0.
Therefore,
Oi(E/L)[2] | _ HI(E/K)|2]
SB[~ 7 (QIH(E/K ) (B ®)
#UI(E/K)[2]
#Ker(res )#QH_[(E/K)[ ]
HI(E/K)[2]
> mErD e e O

#cor(III(E/L)[2]) > #cor'(
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Proposition 4.6. — Let L/K be a quadratic extension and L = K (v/D). Then,

#1(Ep/K)[2]
#ir(II(E/L)[2]) > rank(B/K) 4 B(K)[2]24211L(E /L) [4]

holds.

Proof. — Let ¢ : HI(E/L) = III(Ep/L) be an isomorphism induced by 7 : E(L) = Ep(L), (z,y)
(z, %) The following commutative diagram exists.

II(E/L) —%— TI(E/L)

6| |
W(Ep/L) ——— HI(Ep/L)
From this diagram, #tr(ILI(E/L)[2]) = #tr(II(Ep/L)[2]) for 2-torsions.

By applying Proposition Corollary and Theorem [3.6], we obtain the inequality.
O

4.2. Main theorem. — Let us consider the inflation-restriction sequence
0 — HY(Gal(L/K),E(L)) ™ H Gk, E) ™S H (G, E)%(E/K),
Taking the 2-torsion subgroup of this sequence , we obtain an exact sequence
0 — H'(Gal(L/K), E(L)) ™ H'(Gk, E)[2] 'S H'(Gy, E)[2]¢0/K),

Note that H'(Gal(L/K), E(L)) is a 2-torsion group, that is, 2H'(Gal(L/K), E(L)) = 0 because
#Gal(L/K) = 2.

Consider the local-global version of this diagram, and draw the following diagram with exact
rows and columns:

0 0 0
KerF HI(E/K)[2] KerH
H'(Gal(L/K), E(L)) inf H' (G, E)[2] res(H'(Gg, E)[2]) — 0
F G H
0 — @ HYGal(L,/K,),E(L,)) — & HY Gk, E)2] — @ res(H' (Gk,,E)[2])
vEM g vEM g vEME
CokerF' J X
0 0.

FIGURE 1. A key diagram

Notably, by Theorem [3.3] X = Sel?(E/K) holds.

#UL(E/K)[2]# Byenr,, H' (Gal(Lu/Ky), E(Lw))
#j(CokerF)#H'(Gal(L/K), E(L))

Lemma 4.7. — #KerH =
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Proof. — By applying the snake lemma,

0 — KerF' — II(E/K)[2] - KerH — CokerF' — j(CokerF') — 0.
#II(E/K)|[2]#Coker F

We obtain #KerH = The left vertical exact sequence implies

#7(Coker F)#KerF
#CokerF'  #@yeny HY(Gal(Ly/Ky), E(Ly)) .
TketF S H(Gal(L/K), B(L)) , thus the proposition follows.

O]

In the Figure |1}, KerH lives in III(E/L)[2]. Henceforth, we shall prove that the ratio of the
order of III(E/L)[2] to that of KerH is related to #III(Ep/K)[2].

HI(E/L)[2]

#tr(II(Ep/L)[2])

H_[(E/L) [Q]Gal(L/K)

™

KerH

FIGURE 2. The gap between KerH and III(E/L)[2]

Lemma 4.8. — W > #tr(II(E/L)[2]).
Proof. — Since KerH C MI(E/L)[2]%L/K) < TII(E/L)[2] and
B e = (¢~ DI(E/D)[2) = s(UI(E/L)[2),
we obtain #III(E/L)[2] > #tr(II(E/L)[2])#KerH. O

By combining Lemma 4.7| and Lemma [4.8] and Proposition 4.6, we obtain

#111(E/L)[2] > #tr(III(E/L)[2))#KerH (by Lemma
#UL(Ep/K)[2] N
> 4rank(E/K)#E(K)?Z]Q#QLH(E/L) 7 #KerH (by Proposition p

#U1(Ep/K)[2#111(E/K)[2)# @,car, H' (Gal(Ly/Ky), E(Ly)) (by Lemma »
grank(E/K) 4 B(K)[2]24 (Coker F)#211(E /L) [4]# H(Gal(L/K), E(L)) Y e

t~

~—

Because
#j(CokerF) < #X = #Sel?(E/K)(by Theorem [3.3)

_ y BK)
B #2E(K)

= #E(K)[2] x 2mnkE/K) o 4111(E/K)[2)

holds, we obtain the following inequality.

x #HI(E/K)|[2](by exact sequence i

Proposition 4.9. — Let E/K be an elliptic curve and let L/K be a quadratic field extension
of a number field. Then,

#UL(E/L)4] 1 # DBuenre H'(Gal(Luw/Ky), E(Luw))
#I(Ep/K)[2] — #E(K)[2]* x 28rank(B/K) #H'(Gal(L/K), E(L))
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holds.

Remark 4.10. — In this paper, we restrict our consideration to the case of the 2-torsion sub-
group of the Tate-Shafarevich group. This focus is motivated by the fact that #I1I(E/Q(v/D)[n] =
#11(Ep/Q)[n]#I1(E/Q)[n] where n is an odd number. This is because Gal(Q(v/D)/Q) acts
on the odd abelian group II(E/Q(v/D))[n], and thus III(E/Q(v/D))[n] decomposes into a
direct sum of II(E/Q(vD))[n]* = {a € HI(E/Q(D)[n] | ¢ xa = a} = HI(E/Q)[n]
and III(E/L)[n]” = {a € II(E/Q(v/D))[n] | o *a = —a}. For the definition of the ac-
tion denoted by x, see Definition The isomorphism II(E/Q(v/D))[n]” = II(Ep/Q)[n]
follows from the commutative diagram in the proof of Proposition [4.6] and the isomorphism

I(Ep/Q(vD))[n) % QDD = 11 Ep /Q)[n].

Remark 4.11. — Let K be a number field and E/K be an elliptic curve over K. Let L =
K (VD) be a quadratic extension of K. H. Yu explicitly expressed the formula for #I1I(E/L)
under the assumption that the Tate—Shafarevich group of elliptic curves over K are finite, that
is,
#UI(E/L) #IL(E/K) # DBuenrye H'(Gal(Ly/Ky), E(Lw))
#II(Ep/K)  #Coker(trace : E(L) — E(K)) #H'(Gal(L/K),E(L))

(see [ [25], Main Theorem)).

Combining Yu’s formula with Remark we know that #II1(E/Q(vV/D))/#I(Ep/Q) is
unbounded from above under the assumption that Tate—Shafarevich group of elliptic curves are
finite.

Compare the following diagram from Yu’s paper with the Figure

0 0 0

KerF’ I(E/K) KerH’

HY(Gal(L/K),E(L)) — 2 HY(Gg,E) — = res(H (G, E)) — 0

F’ e H'
0 — @ HYGal(L,/K,),E(L,)) — & HY(Gk,,E) — @ res(H'(Gk,,FE))
’UEMK UEMK ’UGMK
CokerF’ 7 E/(I?)*
0 0

Note that the exactness of the middle column sequence requires the assumption that III(E/K)

— %

is finite. In this paper, X plays the role that E(K) (Pontryagin dual of profinite completion
of E(K)) plays in the diagram above.

Theorem 4.12. — For an arbitrary r € Z and an elliptic curve over Q with E(Q)[2] = Z/2Z
that does not have a cyclic 4-isogeny defined over Q(FE2]), there exists a square-free integer D
such that
#UI(E/Q(V'D))[4]
#U1(Ep/Q)[2]
Proof. — E/Q has a Weierstrass form E : y?> = 23 + az? + bz and let E' be B : y? =

23 —2az? + (a® — 4b)z. Let ¢ : E — E’' be (z,y) — (Z—z, M%ﬁ) be degree 2 isogeny and ¢ be
its dual.

>rand #11(Ep/Q)[2] > 7.
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The following inequality holds because there exists an exact sequence: 0 — E'(Q)[4]/6(E(Q)[2]) —
Sel?(E/Q) — Sel?>(E/Q) (see [20], lemma 9.1).

#Sel?(Ep/Q) #Sel?(Ep/Q) 1
I(E 2] = - .
D QR = 2B @ RERQ) % e, q) 2 % 2B < BQ)E)
¢
Here M is what we call the Tamagawa ratio. Let A and A’ be discriminants of

" #Sel?(E},/Q)
any integral model of F and E’ respectively. By Proposition 3.3 of [9],

#Sel*(Ep/Q) _ 1 ,3)-(8)
#Sel¢(E/D/Q) a p|D and ptAg
(5)-(8) .
holds. Let (D) = [I,p and pjay 2 2 . It is sufficient to prove that Vr € Z,3D: square
free such that g(D) > r (see Proposition for the definition of g(D)) and h(D) > r.

For arbitrary r € Z, let us take R such that 2f=% > r. By the condition that E(Q)[2] & Z/2Z
and F does not have a cyclic 4-isogeny defined over Q(E/[2]), by Proposition 5.2 of 9], we have
AA’ ¢ Q*2. By the Chebotarev density theorem, there exist infinitely many primes p that
satisfy the following conditions:

1 (5) =1

@ 4)-
Take p1, - - - , pr that satisfy conditions (1) and (2). Take different prime numbers Iy, - - - , [ that
satisfy the conditions E(Qy,)[2] = Z/2Z and E/Q has good reduction at [;. There exists a square-
free integer D with the number of prime factors no greater than 4 such that rank(Ep/Q) = 0,

where D = p; ---pgrly -+ - lgDr by Theorem For this D, g(D) > r and h(D) > r hold.
O

5. Decreasing I11(E/Q(v/D))[2] and III(Ep/Q)[2]

In this section, we prove that for a prime p, there exist infinitely many quadratic fields K =
Q(V/D) for the elliptic curve E : y? = 23 +pz, such that III(Ep/Q)[2] = 0 and #II(E/K)[2] < 4
respectively under the assumption that Tate-Shafarevich group is finite.

Let us recall the theory of the descent using the two 2-isogenies ¢ and ngb as described in [21].
Let E/K be an elliptic defined by E : y?> = 23 + ax (a € Z). Let E' : y?> = 2° — 4ax. Let

¢:E — FE be (z,y) — (y2 M) be degree 2 isogeny and ¢ be its dual. Let

x2 2
Sg/k = {v € Mk : E has bad reduction at v} U {infinite places of K}.
When we fix E/Q, #Sg/k depends on K. Let H'(Gg, E[¢]; S) be

HY(Gg, E[¢];9) o {[c] € H'(Gk, E[¢]) | o is unramified outside S}

where unramified outside S means restriction of o to inertia group I, = Gal(K,™ /K,") at
v ¢ S is trivial. The Selmer group K (S,2) of a field, which is a finite group, is defined as

K(S,2) ¥ {de K*/K*? | v(d) = 0 mod 2,Vv ¢ S}

The Selmer group Sel?(E/K) is embedded into K (S,2) via
Sel’(E/K) ¢ H'(Gk, E[¢]; S) 2 K(S,2)
where the last isomorphism K (S,2) & HY(Gg, E[¢]; S) is given by d + [fq: 0 ‘[—dg]. Here,

e Vd
(—)? denotes the action of o0 € Gk on elements of K. Note that f; is unramified outside S if

only if v(d) =0 mod 2 for v ¢ S. Here, note that we identify E[¢] = us as a trivial G g-module.
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Let Cy be the image of d by the composition K(S,2) & H'(Gy, E[¢]; S) ¢ HY(Gk, E[#]) —
WC(E/K)[¢]. |[21], Proposiiton 4.9] shows that Cj is isomorphic over K to a projective closure
of dy? = d? — 4ax* in Pk (1,2,1). The Selmer group is cut out from K (S,2) by the condition
that corresponding torsors has a rational points locally at bad primes in S. Let Cy and C’; be
the curves defined by the equations dy? = d? — 4az? and dy? = d? + 16ax?, respectively. Then,

Cy(K,) #0,%v € S, }

Sel®(E/K) ~{de K(S,2
B/ K) { (5,2) Cyq: dy? = d? — 4ax’

By replacing a — —4a, we obtain the following.

Sel’(E'/K) = {de K(S,2)

CH(K,) # 0,Yv € S,
C:dy* = d?* +16az |

Remark 5.1. — When we write Cy : dy? = d?> — 4az?, it precisely represents the projective
curve obtained by embedding dy? = d? — 4ax* into the weighted projective space P(1,2,1).
Simply taking the projective closure in P? would result in a singular point at [0 : 1 : 0], which
cannot be adopted as a torsor. Therefore, to eliminate the singular point, we glue together two
nonsingular affine curves, Cy : dy? = d? — 4az* and C; : dv? = d?>u?* — 4a, using the relation
u = i,v = % Specifically, we embed these curves into P(1,2,1) as follows: i : Co — P(1,2,1)
given by (z,y) — [z:y: 1] and v: Cy — P(1,2,1) given by (u,v) — [1: v : u]. We then define
the curve Cy in Pg(1,2,1) as Cy = i(Cy) Uv(Cy). The projective closure of affine part of Cy

has two points
—4a
1:+y/—:0
[LoEy/— 0]

The following inequality gives an upper bound for the order of III(E/K)[2].

at infinity in Pg(1,2,1).

Proposition 5.2. — Let E/K be an elliptic curve. Let ¢ : E — E’ be an isogeny of degree 2
and ¢ : B/ — FE be the dual isogeny of ¢. The following inequality holds:

dimg, I(E/K)[2] < dimg, Sel®(E/K) + dimg, Sel®(E'/K)
B0 B(K)
* o(E(K)[2]) *2B(K)

— dimp

Proof. — There exists an exact sequence:

0 — E'(K)[¢]/o(E(K)[2]) — Sel®(E/K) — Sel2(E/K) 2 SeldA’(E'/K)
(see [ [20], lemma 9.1]). Thus,

(1) dime, Se2(E/K) < dimg, Sel(E/K) + dimg, Sel¥(F'/K) — dimg, 200,

¢(E(K)[2])
Therefore,
dimp, II(E/K)[2]
= dimy, Sel*(E/K) — dim B (by exact sequence (L))
2 "2 9B(K)
; B(K E'(K)[¢
< dimp, Sel?(E/K) + dimp, Sel®(E'/K) + dimg, (K) _ dimp, (K)l9] (by inequality ([4))).

2E(K) P(E(K)[2])

O]

From this point forward, we will limit our discussion to elliptic curves of the form E : y? =
23 4+ px where p is a prime number.
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Theorem 5.3 (cf. Genus theory, [1, Theorem 8, p. 247]). — Let K = Q(+/D) be an imag-
inary quadratic field and Clg be the ideal class group of K. Then #Clg[2] = 27! holds where
r is the number of prime factors of the discriminant of K.

Proposition 5.4. — Let p be an odd prime, and let E : 42 = 23 + pz be an elliptic curve.

Let S := Sg/ k. Suppose that an imaginary quadratic field K = Q(v/D) satisfies the following
conditions: |D| # p is a prime number such that D = 5 mod 8 and p does not split in K =
Q(vVD)/Q. Then, we have the following.

(1) #K(S,2) =8.

(2) Assume that HI(E/K) is finite. Then #II(E/K)[2] < 4.
Proof. — (1) Define a group of S-units as Ok g~ e {a € K | v(a) =0,Vv ¢ S} and define
the S-ideal class group CI(K,S) as the ideal class group of Ok g. There is the following exact
sequence ( [18], Proposion 12.6):

1 Og.s%/Ok.s*> = K(S,2) — CI(K, 5)[2] — 1.

To prove #K(S,2) = 8, let us prove CI(K,S) = 1 and 7§é()f{7s/01§152 = 8. Because |D| is a
prime, Clg[2] = 1 by Theorem Hence, Clg is an abelian group of odd order. There is a
surjection from Clg to Cl(K,S). Therefore, the order of CI(K,S) is odd. Hence, Cl(K, 5)[2] =
1.

Let us consider OK,SX/OIX(,SQ. From Dirichlet’s S-unit theorem, Ok ¢* = p(K) x Z#571
where p(K) is the group of roots of unity. Since D = 5 mod 8, 2 does not split in K, and p does
not split in K by hypothesis, #S = 3. Since K # Q(v/—1),Q(v/=3), u(K) = {£1}. From the
above, O,s” O} §* = (Z/2Z)%. Therefore, #K(S,2) = #0x,s* /0% 3" x #CI(K,S)[2] = 8
holds. . (]

(2) Let dimp,Sel?(E/K) = a and dimg,Sel?(E'/K) = b. By (1), a,b < 3. The ¢-Selmer
group is,

Sel’(E'/K) = {d € K(5,2) | Co(Qp) # 0,Yp € {2,p,00}}.

When D = 5mod 8, Ch : 2y> = 4 + pz* does not have a root in Qz(v/D) = Q2(v/5). Note
that Q2(v/5) = Q2((3) is an unramified extension of Qy, thus 2-adic valuation vo takes integer
valuation. If C% had a Qo(y/5)-rational point (z,y), looking at the 2-adic valuation vy of both
sides, we obtain 1 + 2vs(y) = min{2, 4vy(z)}. But the left-hand side is odd and the right-hand

side is even, which is a contradiction. Also, points at infinity of C% are [1 : j:4\/§ (0] =1[1:

+4./2p : 0] by RemarkA Because /2p ¢ Q2(v/5), there are no points at infinity. Thus,
we obtain that 2 ¢ Sel?(E'/K). Note that #E(K)[¢]/¢(E(K)[2]) = 2. Thus, b < 2, we can
conclude dimp, III(E/K)[2] < a+b—1—1 < 3 by Proposition [5.2} Because dimg, III(E/K)[2] is
even when II(E/K) is finite (see [ [21], Section X, Remark 6.3]), dimp, [II(E/K)[2] < 2 holds.

O

Proposition 5.1. —

Let p be an odd prime, and let E : y> = 22 + pz be an elliptic curve.

(1) When p = 1 mod 4, we take an imaginary quadratic field K = Q(v/D) that satisfies the
following conditions:
e [ = —D # pis a prime number,
e D =1mod 4,
« p does not split in K = Q(v/D)/Q.
Assume that HI(Ep/Q) is finite. Then, III(Ep/Q)[2] = 0.
(2) When p = 3 mod 4, we take an imaginary quadratic field K = Q(v/D) that satisfies the
following conditions:
e [ = —D # pis a prime number,
e D =3mod4,
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« p splits in K = Q(vD)/Q.
Assume that HI(Ep/Q) is finite. Then, III(Ep/Q)[2] = 0.

Proof. — First, let us establish the common preliminary setup for both cases (1) and (2). Let
S’ = Sk, /- Since —D is a prime number, S" = {2,p, =D, 00} and

#Q(SI,Q) = #{(_1>n12n2pn3(_D)n4 ‘ 0 S ni,no,n3, Ny § 1} = 16.

Let ¢p : Ep — Ep, (z,y) — (g—z, W) be a degree 2 isogeny and ép be dual isogeny. Let
dimg,Sel®? (Ep/Q) = e, dimp,Sel®? (E},/Q) = f. Since #Q(5,2) = 16, ¢, f < 4.
Let Ty : dy? = d? — 4pD*z* and T : dy? = d? + pD?z*.

The ¢p-Selmer group and ¢p-Selmer group are as follows:

Sel*? (Ep/Q) = {d € Q(S',2) | Tu(Qu) # 0, V0 € {2,p,1,00}}

Sel’? (Ep/Q) 2 {d € Q(S',2) | T4(Qy) # 0,¥v € {2,p,1,00}}
For curves Ty and T}, we first determine their points at infinity: By Remark the points at
infinity of Ty are [1: 2D/ : 0]. Similarly, the points at infinity of T} are [1,£D,/%,0].

For both (1) and (2), <’l’) = —1 holds true.

We prove that Tp : 42 = D — 4pr4,TpD cy? =pD — 4Dx4,T2pD :y? = 2pD — 2Dx*, Thp -
y?> = 2D — 2pDz* do not have Qj-rational points. For each curve, if there exists a Q-
rational point (x,v), then the Hilbert symbol (A, B); of A(x?)? + By? = 1 must be 1. We
compute the Hilbert symbols mod [ for these quadratic forms: For Tp : (%,4}))1 = (p, D).
For Tpp : (55,50t = (#D,p)i = (p,D)i. For Topp : (gpps )t = (2pD,p)i = (p, D). For

Top : (%,p)l = (2D, p); = (p, D);. Since ? = —1, we have (p, D); = —1. Therefore, all the

above Hilbert symbols equal —1, which proves that none of these curves have Q;-rational points
in the affine part. Moreover, there are no points at infinity because /pl, V1, V2L, /2pl ¢ Q.
As a consequence, we conclude that D, pD,2pD, 2D ¢ Sel®? (Ep/Q).

Note that —p € Sel®?(Ep/Q) since the points at infinity are [1 : #2D : 0]. Therefore,
—pD,—D,—-2D,—2pD ¢ Sel¢D(ED/Q). Since we have determined that 8 out of 16 elements of
Q(S’,2) do not belong to Sel®? (Ep/Q), if we can show that one of the remaining T, has no
Q,-rational point for some v € S’, then we can prove that e < 2. A

Let us evaluate f. When d < 0, T)(R) = @. Thus, d ¢ Sel®?(Ep/Q). Affine parts of
Ty : 2y* = 4+ pD?2*, Ty, 2y% = 4pl + lz* and T3, 2y% = 4p + D?2* do not have Qq-rational
points because 1+ 2orda(y) = min{2,4orda(z)} does not hold. Also, note that 73, T3, Ty, Tépl
do not have points at infinity since none of /2p, \/5,\/27191,\/27 belongs to Q2. Since we have

shown that 12 out of 16 elements do not belong to Sel?? (EL/Q), f <2, if we can show that
one of the remaining T; has no Q,-rational point for some v € S’, then we can prove that f < 1.

In what follows, we prove that both e and f can be reduced by 1 in each of cases (1) and (2).

(1) Let us evaluate e. We claim that 7_1 : y?> = —1 + 4pl22* does not have Qj-rational
points. Indeed, when z,y € Z;, y> = —1 mod ! does not hold since (ll) = —1. When
v(z) <0, v(y) = 1+ 2u(x). Set vy(z) == —a (a > 0). We can put = = [~%', y = 1728/
where 2/, vy’ € Z;*. We obtain y’? = —1*%"2 + 4pz’* and p should be a square modulo I. This
contradicts the fact that ? = —1. Thus, v;(z) > 0. In this case, x,y € Z; and we have

already shown that there are no QQj-rational points in this case. There are no points at infinity
since \/p ¢ Q. Therefore, —1 ¢ Sel®?(Ep/Q). Since we have shown that 9 out of 16 elements

do not belong to Sel?? (Ep/Q), we can conclude that e < 2.
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Let us evaluate f. We claim that 7}(Q,) = 0 where T} : y* = [ + plz®. Indeed, When
ptl

p = 1 mod 4, (%, —p)p = (—1) 2 = —1 and there are no points at infinity since \/—pl ¢ Q,.

Thus, | ¢ Sel¢p (E},/Q). Since we have shown that 13 out of 16 elements do not belong to

Sel?? (E%,/Q), we can conclude that f < 1. Thus, dimp, [II(Ep/Q)[2] < e+ f—-1-1<2+1—
1 —1=1. Since dimp, HI(Ep/Q)[2] is even (see | [21], Remark 6.3]), dimp, [II(Ep/Q)[2] =0
holds.

(2) Let us evaluate e. We claim that 7_1(Q,) = () where T_1 : y? = —1 + 4pl®z*. Indeed,

p—1

Hilbert symbol (—1, 4p12)p = (=1,p), = (=1)"2 = —1 and there is no points at infinity because
VP & Q. Since we have shown that 9 out of 16 elements do not belong to Sel®” (Ep/Q), we
can conclude that e < 2.
Let us evaluate f. Since | = 1mod 4, affine part of 7T} : y? = 1 + plz* does not have
1 _
Q-rational points because (—p, %)l = (-p, 1), = (?) (l> = —(—1)171 = —1. Also, note
that 7] does not have Q-rational points at infinity because v/pl does not belong to Q. Since

we have shown that 13 out of 16 elements do not belong to Sel‘ZBD(Eb /Q), f < 1. Thus,
dimp, HI(Ep/Q)[2] < e+ f—-1—-1<2+4+1—-1-1 = 1. Since dimp, HI(Ep/Q)[2] is even,
dimp, HI(Ep/Q)[2] = 0 holds.

O

Proposition 5.5. — Let p = 1 mod 4 be a prime number, and let F : y?> = 2> 4+ pz be an
elliptic curve.

(1) There exist infinitely many imaginary quadratic fields K = Q(v/D) with —D being a prime
number such that #1I(E/K)[2] < 4 and III(Ep/Q)[2] = 0 under the assumption that
#UI(E/K) and #II(Ep/Q) are finite.

(2) If III(F/Q) contains an element of order 4, then for any quadratic number field K =
Q(VD), II(E/K)[2] # 0.

Proof. — (1) By Dirichlet’s prime number theorem and the Chinese remainder theorem, there
exist infinitely many prime numbers —D such that D = 5 mod 8 and p does not split in K =
Q(vVD)/Q. By Proposition and Proposition |5, the result follows.

(2) Let C € III(E/Q) be an element of order 4. If C is trivial in III(EF/Q(+v/D)) for some D,
the order (period), which is 4, would have to divide index, which is 2. This is a contradiction.
Thus any K cannot trivialize C' in III(E/K). This implies III(£/K) has an element of order 2.

O

Example 5.6. — Let p = 257 be the fourth Fermat prime. Using MAGMA [2|, we compute:

A := EllipticCurve([0,0,0,257,0]);

MordellWeilShaInformation(A: Shalnfo := true);

This computation shows that the Tate-Shafarevich group III(E/Q) of the elliptic curve E :
y? = 234257z has an element of order 4. Thus, by Proposition (1), there exists no quadratic

field Q(+v/D) such that II1(E/Q(v/'D))[2] = 0.

Remark 5.7. — It remains unknown whether there exist finite extensions L/Q such that
HI(E/L)[2] = 0.
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